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Summary. A new MATLAB toolbox for clus-
tering and classification is worked out.

First section contains theoretical introduc-
tion to problems connected with clustering and
classification. It also contains information
about measures of distance and similarity, al-
gorithms of assembling, classifiers, algorithms
of classification, estimations of quality of par-
tition and classification. Second section intro-
duces possibility of usage worked out toolbox.

This article is based on M. Sc. Thesis

1 Theoretical introduction. Clustering and
classification are problems closely connected
with pattern recognition.

Pattern recognition is an area of researches,
which goes about working and projecting of
systems recognizing patterns in data. It con-
tains such domain as discriminate analysis,
features selection, error estimation, cluster
analysis (sometimes called statistical pattern
recognition), grammatical inference (some-
times called syntactical pattern recognition).
Important areas of uses are: images analysis,
writing recognizing, speech analysis, people
and machines diagnosis, identification of per-
sons and industrial research.

Clustering s calculation of a partition of
set of elements on subsets with respect to some
criterion.

Classification often confused with
clustering, relies on assignment of a given
element to pre-defined classes.

1.1 Distance measure and similarity meas-
ure Distance of elements X,y[V is
value of function d(X, y) called function of
distance, such that:

d:vxv - {rOR":r=q, (1)

realizing conditions:
0 [d(x,x)<d(x,y]], (2)
O ldky)=dly.x]. &
X’Ew[d (x2)<d(xy)+d(y.z], (4
where: R' — set of real numbers.

Similarity of elements X,y [V is value of
function h(X, y) called function of similarity,
such that:

h:vxv - {rOR:0<r<g,  (5)

realizing conditions:

O [hiey)sh(xx). (o)
L [ey)=hly.x].
Most popular measures of distance and

similarity:
1) Euclidean distance measure

d
d2(x,y)=(x-y)x-y)', Ox,yaOv (8)
2) Distance measure of Sebestyen
d
d*(x,y)=(x=y)W(x-y)", Ox.y OV, (9)

where: W is diagonal weighted matrix

w, 0 .. 0]
0 w, .. 0

W= : (10)
0 0 .. w

m

3) Distance measure of Mahalanobis

d?(x, y)i(x —y)c(x-y)" Ox,yOV (11)
where:
C* - inverse covariance matrix
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1" —\r —
C=— (vj —v) (vj —v), v; 0V, (12)
n
N — number of elements of consider set in
space V,
V — average element of considers set
— 1 n
V=— Vv, (13)
n
4) Distance measure of Hamming

d m
dlxy)=  pil-ofil], oxyove ¢
i=1

14)
5) Canberra distance measure

d(x, )d m% Ox,yOV™ (15)

X[ +
i=1
6) Similarity measure based on distance

nxy)E— (1)
1+ad(x,y)’

d
h,(x,y)=exp(-ad(x,y)), (17

where: @, — constants conditioning prop-

erties of function h.
7) “Cosine” similarity measure

hix v)e XY
(X» Y)—W- (18)

1.2 Clustering criterion Clustering is a
partition of finite set V of elements Vv into L
subsets Vy of similar elements.

This partition can be written in a form of
family Q(V) subsets Vi of set V
Q\v)={v, ov:ko[t:L}. (19
The set of all possible (or all acceptable)
partitions Q(V) of set V into L subsets is
marked as Q"(V). Partition Q will be regarded
as optimal Q,y, if criterion function e(Q) re-
sulting from accepted criterion achieves ex-
treme for this partition. Described further crite-
rion functions are written in a way that for op-
timum partition they achieve minimum values

Q=Q, - e(Q)= mgl(e(Q,-)). (20)

Examined criteria make optimization of
partition of set V possible on given number
subsets and/or optimization of choice of repre-
sentatives of subsets. They are no efficient in
range of optimization of subsets number, on
which is divided set V.

Criteria using distance function. The sim-
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plest criterion function is

d L ,—
e(Q)== (Vk d, ), (21)
V k=t
where:
Q — family of subsets V|,
di — average distance of elements k subset Vy
from representative of this subset.
Duda and Hart propose criterion of sum
of square errors as simplest criterion function
d L _ 2
e(Q): HVk _Vk‘
k=1 vV,
where: V, —average element
— 1
V, == V. (23)
Vk VIV,

Criteria using similarity function. Similar-
ity function makes it possible to qualify of
criteria maximizing "cohesion" of subsets. One
of the simplest criteria function is

¢ L
h(x,y).  (24)
k=1 (%, Y )V %V
Threshold criteria. A special group of crite-
ria determines threshold criteria. These criteria
can be defined as help of distance function or
similarity function of elements. From many
criteria of this type we can distinguish two
types:
— criterion of ,,furthest neighbour”

0 0O [d(xy)<d,] (25)

Vk DQopt X, yD\/k

; (22)

— criterion of ,,nearest neighbour”

0 O Od(xy)<d
VkDQopt XE’\/k Y#X
YV

or similarly for h(x,y)=h . .

Advantages of these criteria are their sim-
plicity and great compatibility of optimal
clustering results with results in clustering re-
alized arbitrarily by man. Criterion of “nearest
neighbour” stands out similarity of pairs of
elements. Criterion of “furthest neighbour”
focuses on the influence of “isolated elements”
of space V. It determines inconvenience from
the part of view of existence of deviations of
elements of space V resulting from qualifica-
tions of position of these elements in space V
on the ground of quantities marked experi-
mental.

The main difficulty connected with practi-
cal usage of the described threshold criteria is

(26)

max ]



the necessity of accepting threshold values hyy,
or dmn.x. Acceptance of these values is equiva-
lent to acceptance of number of sets, to which
space V is divided.

1.3 Clustering algorithms. The applied algo-

rithms can be divided into several groups ac-

cording to their nature:

— algorithms searching general extreme of
criterion function,

— iterative clustering algorithm,

— hierarchical grouping algorithm,

— graph-theoretical algorithms,

— algorithms using fuzzy sets.

Algorithms searching general extreme of
criterion function ([2]] [3]). If criterion was
selected, clustering is reduced to a well-
defined problem: to find such partition of set
of elements, which extremalizes criterion
function. If a set of elements is finite then a
finite number of possible partitions exists.
Theoretically clustering problem can be dis-
solved through exhaustive searching. Realiza-
tion of algorithm is simple. In practice this al-
gorithm is not used due to the necessity of re-
alization of a large numbers of operations re-
sulting from the fact, that for space V of power
n can be calculated

L
n (L\(- ) I SN %)
L!' o \k

partitions on L sets.

Iterative algorithm ([1]]. The essence of it-
erative algorithm can be described as follows
1. elements, which are considered on ap-

proximation of representatives, are chosen

q(vl)""’q(VL)’

2. classification of eclements of space V
(every element is assigned to a set ap-

pointed by representative, for which
maximum of similarity function) is ob-
tained,

3. for sets received in this way new repre-
sentatives are marked,

4. if new appointed representatives of sets
differ from previous representatives, then
we come back to point 2, which is realized
respecting new representatives.
Hierarchical grouping algorithm ([1]] [3]].

The essence of hierarchical grouping algorithm

is acceptance that space V of elements v of

power n is divided to n separable single-
element sets, of which each element of space

belongs to other set. In family of n sets, two of
“most similar” sets are looked for. Such sets
are join and as a result we receive a family
composed of n-1 sets. In family of n-1 sets,
two of most similar sets are sought, which are
joint and as a result we receive a family of n-2
sets. Finally we will reach required number of
sets.

Graph-theoretical algorithms ([3]] [6]).
Three basic kinds of graph-theoretical algo-
rithms can be distinguished: nearest neighbour,
k-nearest neighbours, MMD (mean minimum
distance), minimum spanning tree.

The essence of nearest neighbour algo-
rithm is calculation of distance of every ele-
ment of space V to his nearest neighbour. Then
on the ground of received results thresholds

value Oy, is calculated (eg d, = u+30)

and every pair of elements, of which distance
is less than threshold value is joint.

K-nearest neighbours algorithm relies on
connection of every element with his k-nearest
neighbours, no matter what absolute value of
distance is.

Minimum spanning tree algorithm relies on
creation of space V minimum spanning tree
from elements and then removes “inadequate”
edge. Minimum spanning tree is the connec-
tion graph, in which every element is join with
other, where closed circuits do not appear, and
the sum of length of edges is minimum. Ways
of choosing “inadequate” edges can be differ-
ent; eg removed of longest edges to obtain a
given number of groups.

MMD algorithm (mean minimum distance)
is modification of the nearest neighbour algo-
rithm. A first arithmetic average distance of
elements to nearest neighbour is calculated.
Then rejects (as noise) all elements, of which
distance to nearest neighbour is over k-times
larger from this average. For such set of ele-
ments, again the average is calculated. Groups
are obtained through connection of every ele-
ment with its nearest neighbour, if their dis-
tance is less or equal then k-times of average.
If other premises do not occur it is recom-
mended to accept k=2.

Algorithms using fuzzy sets ([1]). Iterative
algorithm can be described for optimization of
partition of space V, which results the family
pseudoseparated fuzzy sets.

Family of fuzzy sets
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(A} ={A ={(v.a,(v)):vOV} :kO[1: L]}

(28)

in space V is family of pseudoseparated fuzzy
sets then and only then, when

L 1
VQVLI a (v)<1'. (29)

Partition of space V will be regarded as op-
timum, if minimum of criterion function is

reached. Let ‘“Kk represent wanted k fuzzy

set after t iteration step. Transformation of
fuzzy sets characteristic function value is

w,:Ya (v) a,(v)=
_Ja+(1—a) Wa, (v) dla k=m (30)
(1-a) Wa,(v) dla k#m

where: 0 < @ <1 —is assumed parameter.
Described algorithm consists of the follow-

ing phases:
1) — initial solution is accepted
1
©)a, (v) = (31)
- value of criterion function is calculated
o)

2) -in turn for all elements and in turn for all
appointed fuzzy sets A, :

- characteristic functions of fuzzy sets is
transformed

al)za(Val,) e
- VaIBe of criterion function is counted
iR }).

i elfm ) <e VR 0 “a, =a; for

k =1,...,L we come back to the begin-
ning of point 2,

3) if e{A'})= e{VA}), for an m=1,..,L,

then family {(‘)K} appoints optimum par-
tition of space V.

1.4 Estimation of partition quality. Parti-

tion quality can be defined by two manners:
L

1 mean(d(v;,V;))

g =4 . (33
mean(d(V,,V,))
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e, =+ (34)

1.5 Classifier. Classifier contains informa-
tion about “location” of classes in features
space. Manner leadership of classification is
affected by form of classifier.

Binary classifiers ([2])]. Most problems will
demand the use of classifiers permitting rec-
ognition of many classes. Multi-class classifi-
ers are often considered as generalization of
two-class classifiers, called binary classifiers.

When solving problems concerning of con-
structing multi-class classifiers it is justify to
conduct simplifying, method relying on de-
composition of K-class classifier to suitable
family of binary classifiers. In particular it is
possible to decompose of classifier:

— to K binary classifiers, where every classi-
fier permits distinction of objects belong-
ing to k class from objects, which do not
belong to this class,

- to K(K —1)/ 2 binary classifiers, where

every classifier permits consider of pair of
classes.

A conduct often is applied relying on direct
acceptance of form of function qualifying bi-
nary classifier. General rules of optimum
choice of form of such function are not well
known. We can only recommend the following
forms of function qualifying classifier:

— potential functions, when classification
problem on K classes became transformed
in K two-class problems,

— linear function, when classification prob-
lem on K classes becomes transformed in
K(K - 1)/ 2 two-class problems.

Multi-classes classifiers. The simplest
multi-classes classifier is a set of centers and
diameters of classes. For such given classifier,
classification relies on assigning classified
element to classes, to which distance (similar-
ity) of element is smallest (biggest).

More complicated classifier contains the
following information: centers of classes and
covariance matrix, defining weight of coordi-
nates in each direction.

Estimation of quality of classifier (.
General algorithm of constructing and testing
of classifier can be written as follows:

1) qualification of family M of sets teaching



and families M of sets testing (IVI > 1),

2) qualification of measure of classifier effi-
ciency,
3) forall m=1,...,M : constructing classifier

on the basis of data of concerned elements
contained in teaching set and testing of
classifier on the basis of data of elements
contained in testing set,

4) constructing of classifier on the basis of
data relating to all of elements contained in
source set, and calculation of average
value of efficiency of this classifier.

1.6 Classification algorithms. Generally
classification of element relies on assigning
this element to classes, to which fits “most”—
on the basis of used classifier.

Fuzzy classification. Fuzzy classification
relies on announcement of membership degree
of classified element to every classes. Mem-
bership degree is real number from section
[0,1]; O marks lack of membership, 1 — total
membership.

In case of binary classifier classes member-
ship degree of element is described directly on
the ground of function qualifying this classi-
fier. For multi-classes classifier — indirectly,
on the ground of function of distance or simi-
larity.

Classification is one of the most general
applications of neural networks. Neural net-
works can be constructed to receive equiva-
lents of binary classifiers or multi-classes clas-
sifier. For problem of classification to K
classes net is constructed about K or K+1 exit
neurons — level of signal on exit of k neuron is
equivalent to membership degree of element to
k class. Last exit (k+1 neuron) can be used to
showing of lack of classification.

Exact classification is special case of fuzzy
classification. It is carried out it in the same
manner but only as result does not announce
degrees of membership to each classes, only
for every element announces a number of class
to which this element was classified.

Algorithm of exact classification can be in-
troduced as composition of algorithm of fuzzy
classification and of conversion of fuzzy
membership to exact membership. This con-
version is based on the fact that for every ele-
ment a number of class is given, for which de-
gree of memberships of element is greatest. In
case when this greatest degree of membership

is smaller then fixed threshold value, this is
stated that given element did not be classified
to any classes.

Estimation of classification quality. The
simplest manner of estimation of classification
quality of elements is calculation of average
value greatest for every element membership
degrees to classes. This estimation assumes
values from section [0, 1], values nearer 1
mean better quality of classification.

2 A new MATLAB toolbox for clustering
and classification of elements in multidi-
mensional metric spaces. Within of M. Sc.
thesis toolbox “KLAS” of procedures of
clustering and classification of elements in
multi-dimensional metric spaces was worked
out. This toolbox was worked our for MAT-
LAB in version 5.1.

2.1 Data format. Elementary form of vari-
ables in MATLAB is matrix. In this form nec-
essary data and results are recorded.

1) Elements are numbered following natural
numbers begin from one (1, 2, 3, ...).

2) Classes are numbered following natural
numbers begin from one (1, 2, 3, ..).
Number 0 marks lack of memberships of
element to class, undefined membership to
class is marked by number -1.

3) Degree of memberships of element to class
is real number from section [0,1], eg 0.1,
0.6.

4) Input data (elements to clustering / classi-
fication) are recorded in form of matrix, of
which following verses describe following
elements, columns instead of values of
features being real numbers, eg

(5.1 35 14 0.2]
49 30 14 02
70 32 47 14 . (35
64 32 45 15
163 33 60 25

5) Results of clustering / exact classification
are recorded in form of two matrices: first
matrix is matrix of input data, second ma-
trix is one-column, in verses — number of
class, eg
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51 35 14 02][1]
49 3.0 14 02]|1
70 32 47 14|12 . (36)
64 32 45 15]|2

163 33 6.0 2513

6) Results of fuzzy classification are recorded
in form of two matrices: first matrix as
previously, second — following columns
correspond to following classes, in verses
are recorded degrees of membership to
given classes, eg

(5.1 35 14 02][0.8 0.1 0.1]
49 30 14 02(/06 03 0.1
7.0 32 47 14101 0.7 0.2 .
64 32 45 151 0 09 0.1
163 33 6.0 25103 02 0.5
(37)

7) Classifier is recorded in a form of matrix,
where following verses describe central
points of following classes, columns de-

scribe values of features, last column de-
scribes values of diameters of classes, eg

5 35 1.5 025 26|
55 25 4 125 3.1 . (398
7 3 55 2 28

2.2 Possibilities. The toolbox worked out in
this way makes it possible to solve problems
of clustering according to the following algo-
rithms: iterative, hierarchical, nearest neigh-
bour, k-nearest neighbours, MMD (mean
minimum distance), minimum spanning tree.
After execution of clustering one can execute
estimations of quality of partition.

Classifier applied in toolbox contains in-
formation about centers and diameters of
classes.

Classification can be passed according to
exact or fuzzy algorithm. One can execute es-
timation of quality of classification. Classifi-
cation is passed on the ground of classifier
containing information about centers and di-
ameters of classes. Such classifier can be gen-
erated on the ground of results of clustering,
can also to be given.

Results of clustering and of classification
are presented in graphic form, can also be
saved in text file.
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Toolbox makes it possible to choose one
from distance measure: Euclidean, of Ham-
ming, Canberra, of Mahalanobis, or similarity
measure: counted on the ground of distances or
directly in form of cosine.
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